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ABSTRACT
Knitting turns yarn, a 1D material, into a 2D fabric that is flexible, durable1 , and can be patterned to adopt a wide range of 3D
geometries2 . Like other mechanical metamaterials3 , the elasticity of knitted fabrics is an emergent property of the topology and
patterning of the stitches that cannot solely be attributed to the yarn itself. Therefore, knitting is an additive manufacturing
technique that allows for stitch-by-stitch programming of elastic properties and has applications in many fields ranging from
soft robotics4–6 and wearable electronics7, 8 to engineered tissue9 and architected materials10, 11 . However, predicting these
mechanical properties based on the stitch type remains elusive. Here we untangle the relationship between changes in stitch
topology and emergent elasticity in several types of knitted fabrics. We combine experiment and simulation to construct a
constitutive model for the nonlinear bulk response of these fabrics. This model serves as a basis for composite fabrics with
bespoke mechanical properties, which crucially do not depend on the constituent yarn. Therefore the yarn can be chosen
based on the desired application. On-the-fly changes to stitch topology enable knitting to be used as an additive manufacturing
technique for programmable materials.

Knitting has long been regarded as an art that turns natural fibers into garments. More recently, engineers are using knitting
as an additive manufacturing technique to construct textiles with bespoke mechanical properties and geometries from ‘yarns’
made from a myriad of materials. Knitted textiles are mechanical metamaterials – with properties imbued by stitch patterning
that exist irrespective of the choice of particular yarn. By choosing the appropriate stitches, a textile engineer can sculpt the local
mechanical response of the textile using a yarn of their choice. Tunable compliance and tensile strength of knitted and braided
structures made from bio-compatible yarns are used for medical bandages9 , surgical grafts12, 13 , and mesh implants14–17 . The
mechanical properties of knitted textiles make them ideal for strain18, 19 and pressure20, 21 sensors used in medical monitoring
and therapeutics22–24 as well as soft actuators5, 25–28 . Likewise, knitted textiles can harvest energy from human movement29–31
and even store energy as wearable supercapacitors32, 33 . On-the-fly, we can determine a spatial patterning of high and low
stiffness regions in a single textile (Fig. 1). Unlike other composites, the entangled microstructure that gives rise to a knit’s
variable rigidity also holds it together along a seamless interface. Continuously modifying the in-plane rigidity of a textile
across a region can mitigate damage associated with large stresses at interfaces34 .
To facilitate the rational design of textiles, we need to understand the fundamental mechanics of knitted materials. Here we
study how the mechanical behavior of knitted fabrics is encoded in the topology of their stitches as a first step towards creating
a design tool for programmable textile metamaterials. Stitch pattern and mechanical properties of the constituent yarn are
quasi-independent knobs we can fine tune. A consequence of our model is that knitting can be used to program mechanics at
any lengthscale, from polymeric and colloidal assemblies35 to light-weight tensile support in building construction10 . Since
knitting is non-destructive to the yarn, the creation of these architected materials is reversible, and yarn may be recycled for
future use, making it a green technology11 .
Topology and Elasticity
Knitted textiles are composed from a rectangular lattice of slip knots. The two foundational stitches in knitting are the knit
stitch (denoted K) and the purl stitch (denoted P). These two stitches form the bulk of a textile’s structure, although many more
complicated stitches exist36 . The knit stitch is formed by passing a loop of yarn from the back to the front through an existing
loop in the textile, while the purl stitch pulls the loop from the front to the back. A schematic of the knitting process is shown
in (Fig. 1A,B). Combining Ks and Ps in repeated patterns generates textiles with markedly different linear elastic responses
(Fig. 1C). Our goal is to untangle this relationship between pattern and response using four common textile patterns: stockinette

Figure 1. Knitted materials have elastic responses that can be programmed by the pattern of Ks and Ps. (A) A
schematic of the knitting process where a knitting machine converts a code of Ks and Ps into a textile (B). (C) Knits with a mix
of both Ks and Ps are markedly more extensible (under the same applied stress) than ones with only a single type of stitch.
(D-G) Close up images (left), line diagrams (center), and simulation results (left) of four fabrics: (D) stockinette, (E) garter, (F)
rib, and (G) seed.
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(Fig. 1D), garter (Fig. 1E), rib (Fig. 1F), and seed (Fig. 1G).
What makes knits different from other materials is the combination of entangled elastic bits and confinement. These form a
composite-like microstructure with regions in contact dictating the stiffness while unconstrained regions build in extensibility.
We call the regions where two disjoint pieces of yarn are in contact crossover regions – this sets the topology of the fabric.
Changing the ordering of yarn in a crossover region changes the topology of the fabric. Therefore, the topological method of
knot theory is used to study textiles36, 37 . Even the ordering of yarn segments within a crossover region can have a major impact
on the resulting knot’s strength38 .
In a series of uniaxial stretching experiments and simulations (Fig. 2), we measured the elastic response of each of the four
common knitted fabrics (Fig. 1D-G). We fabricated and characterized samples made from two types of yarn, an acrylic yarn
(Fig. 2A) and a pearlized-cotton, which have different mechanical properties SI/materials. With the fabric under fixed uniaxial
loading, we measured the full non-affine deformation of the fabric by digital image correlation39, 40 the fabric (Fig. 4D,Fig. S1)
SI/materials. The maximal longitudinal components of the average stress σ versus strain ε measurements are shown in Fig. 2,
where the x- and y-directions are along the rows and columns of the fabric. Fig. S2 shows the results of uniaxial strain
experiments for the cotton yarn as well as the transverse strain measurements are shown in Fig. S2 SI/materials.
Under small stresses, the responses of all the fabrics are linear. Under high stresses, their responses become nonlinear,
displaying strain-stiffening behavior as the yarn within the stitch becomes taut. Of the four fabrics, with both yarn types, rib is
by far the most extensile in the x-direction while stockinette is the stiffest. Rib has the lowest rigidity, given by the slope of
stress-vs-strain for small values of stress (Fig. 2A). Similarly, the garter and seed fabrics are most extensile in the y-direction
(Fig. 2B).
Numerical Model
Simulations help us unravel the effect that stitch topology and microstructure have on the macroscopic elasticity
of the
R
fabric. We simulate the yarn as a space curve γ(s) in an elastica model, subject to a bending energy Ebend = (B/2) 0L ds |∂s t̂|2 ,
where s is the arclength parameter, t̂ ≡ ∂s γ is the unit tangent vector of the curve at each point, and the yarn parameters, the
yarn length per stitch L and the bending modulus B, are measured experimentally (Fig. S3) SI/materials1 . When the distance
between two points along a yarn segment becomes less than the yarn diameter, the two pieces of yarn interact via a potential
1 The

torsional rigidity of yarn is much less than its bending modulus so we can ignore it.
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Figure 2. Experimental and simulated results of uniaxial stretching. The stress-versus-strain relations for the four fabrics
made from the acrylic yarn in the (A) x- and B) y-directions. Experiments applying force in the x-direction show the extreme
extensibility of the rib pattern compared with the other three. Garter and seed dominate in the y-direction. Each fabric is
represented by a symbol: stockinette (diamond), garter (triangle), rib (square), and seed (circle). Solid symbols and open
symbols are experimental and simulation data, respectively. The curves are fits to the constitutive relations. (C) The elastic
rigidity computed via the reduced-symmetry (RS) model for cotton yarn k̃cotton vs. acrylic yarn k̃acrylic (dark symbols compare
data from the x-direction and light symbols are data from the y-direction), display material-independent response in the
low-stress regime.
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derived from compression measurements of the yarn (Fig. S4), which prevents yarn segments from passing through one another.
The periodic nature of knitted textiles enables us to reduce the system to a single closed segment of yarn in a box with
periodic boundary conditions (Fig. S5). Fixing L, we numerically minimize the total yarn energy while allowing the size of
the simulation box to vary SI/materials. Through our model, we effectively capture not only the geometry of knitted fabrics
(Fig. 1D-G)41–43 but the emergent elastic response as well (Fig. 2).
The simulations reproduce the key features of the experiments: (i) the differences between the extensional rigidities of
each fabric which result from their unique topologies in the low-tension regime and (ii) the divergent strain-stiffening behavior
which corresponds to the maximum extensibility of each stitch in the high-tension regime. By fitting our experimental and
simulation measurements to a nonlinear constitutive model SI/materials, we can quantify the similarities between systems by
using the full rigidity tensor Ci jkl = ∂ σi j /∂ εkl . In order to compare two yarn types, we rescaled the rigidities by the softest
Rib (0) and k̃ (σ ) = C
Seed
fabric k̃x (σxx ) = Cxxxx (σxx )/Cxxxx
y yy
yyyy (σyy )/Cyyyy (0). Fig. 2C plots rescaled nonlinear fits to the x-rigidity
and y-rigidity of cotton yarn versus the acrylic yarn, revealing nearly identical linear responses, k̃cotton ≈ k̃acrylic , for each of the
four fabric types. This is strong evidence that topology governs the low-stress rigidity.
Microstructure and Modulus
In the low-tension regime, the crossover regions play an important role in reducing the stress needed to stretch the fabric.
They force yarn segments to deflect either above the plane of the fabric or below it. Yarn segments between pairs of knit
stitches (K-K) or purl stitches (P-P) are deflected in the same direction at their endpoints. They have even symmetries, adopting
‘U’-shapes (Fig. 3A). In contrast, yarn segments joining knit stitches to purl stitches (K-P) are deflected in opposite directions
at their endpoints, adopting ‘S’-shapes (Fig. 3B). In the linear regime, the ‘U’- and ‘S’-shaped segments act as Hookean springs
with different stiffnesses. Extensional deformations of these yarn segments always increase the projected length λk = ~λ · êk of
the endpoint separation vector ~λ onto the direction of extension ê (Fig. 3A,B). Separating the ends of a ‘U’-shaped region from
k

λk to λk + ∆λ causes the middle to straighten and forces its ends to curve in response, resulting in a stiffness kU ∼ 180B/λ 3
SI/materials. In the ‘S’-shaped regions, the vector connecting the endpoints ~λ forms an angle φ with respect to the direction of
extension (Fig. 3B). Under extensional deformation, ‘S’-shaped regions can rotate to more closely align ~λ with ê , decreasing
k

φ , resulting in an extensional rigidity kS ∼ 12B/λ 3 SI/materials. Therefore, ‘S’-shaped segments have a fifteenfold reduction
in stiffness compared to ‘U’-shaped segments.
It is consequently harder to extend fabrics with identical neighboring stitches (K-K or P-P) than alternating neighboring
stitches (K-P). This explains the relative stiffness of stockinette fabric, consisting only of ‘U’-shaped segments (Fig. 3C,G),
compared with seed fabric, consisting only of ‘S’-shaped segments (Fig. 3F,J). Garter (Fig. 3D,H) and rib (Fig. 3E,I) fabrics
each contain a mixture of segments but are much easier to stretch along the directions containing ‘S’-shaped segments. Fabrics
are stiffer in the y-direction because the y-direction has two ‘springs’ in parallel for every single ‘spring’ in the x-direction.
Figs. 3E,F show that the results of this reduced-symmetry model are consistent with experimental results.
In the high-tension limit, both ‘U’- and ‘S’-shaped segments straighten along their mid-lengths, and are forced to curve
sharply at their endpoints due to the contact constraints imposed by the crossover regions. This concentration of curvature
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Figure 3. Symmetry in the yarn segments between stitches. (A,B) Under extensional deformation, two similar stitches
(K-K or P-P) are joined by an even-shaped yarn segment, highlighted in pink (A top), cause curvature deformations of the yarn
as they are extended (A bottom). Alternating stitches (K-P) are joined by an odd-shaped yarn segment, highlighted in blue (B
top), are able to rotate to accommodate extensional deformation (B bottom). Symmetries of stitches in the (C-F) x-direction
and the (G-J) y-direction. (C,G) The stockinette fabric has only K − K joins in both x- (C) and y-directions (G). (D,H) The
garter fabric has K-K joins in x-direction (D) and K-P joins in the y-direction (H). (E,I) The rib fabric has alternating stitches
K-P x-direction (E) only K-K joins in the y-direction (I). (F,J) Since seed is based on a checkerboard pattern, neighboring
stitches always alternate.
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to crossover regions under increasing stress represents a transition from the low-stress mechanics dictated by stitch topology,
σlow (ε) ∼ kε, to high-stress mechanics, σhigh (ε) ∼ β (1 − αε)−2 , where k, β , and α are material parameters, which is
characterized by the mechanics of yarn at the level of individual crossover regions. With this reasoning, we arrive at a
stress-strain constitutive relationship σ (ε) = σlow (ε) + σhigh (ε) SI/materials. Figs. 2A,B show self-consistent fits of this model
to our data. This form of constitutive model resembles models for DNA-like polymers44 as well as amorphous fiber networks45 .
There has not yet been a systematic study of how changes in topology affect the elasticity – even modeling stockinette fabric is
quite complex41, 46, 47 . Such a model would enable knitwear designers, soft roboticists6 , and other engineers to fine tune the
dynamic response of their fabrics.
Discussion and Applications
This emergent elasticity sets knitting apart from other additive manufacturing techniques, because merely changing the local
topology by swapping the order of yarn crossings (not changing the constituent yarn) changes the fabrics’ elastic response. With
new developments in cost-effective methods to automate2, 48 and program49 knitted fabrics using industrial knitting machines,
we can implement on-the-fly changes in the mechanical properties of the fabric as well as their geometric design.
The microstructure of knitted fabrics gives rise to fabrics with programmable local anisotropic response. By combining
different stitch patterns into a seamless composite, we created a therapeutic glove that directs the stiff elastic response to support
the wrist joint to aide in repetitive stress injury, while enabling natural motion for the rest of the hand (Fig. 4A-C). In Fig. 4B,
the local extensibility field is represented with rectangles oriented along the principal directions with side lengths given by the
extensibility in the x-direction 1/Cxxxx and y-direction 1/Cyyyy . This shows that the stiffest region (stockinette fabric) supports
the radiocarpal joints and helps keep the carpal and metacarpal bones aligned. Isotropic material (seed fabric) still allows the
carpometacarpal joint connecting the thumb to the wrist to move freely. Rib and garter fabrics enable the fingers to extend and
contract for natural motion (Fig. 4C and Supplementary Video 2). Importantly, knitted textiles can easily be crafted to fit any
anatomy.
Our experiments and simulations demonstrate that differences in the topology of the microstructure of the stitches making up
four different knitted fabrics cause large variations in their macroscopic elasticities. We have developed a mesoscale explanation
for the relationship between bulk elastic response and local topology, entanglement, and symmetry. These micromechanics form
the basis of a nonlinear constitutive relation that models the behavior of textiles as 2D continuous materials. The non-affine
deformation of fabrics measured using digital image correlation (Fig. 4D) matches qualitatively and quantitatively with finite
element simulations using our constitutive model (Fig. 4E) SI/materials. This model will enable us to tackle computational
inverse design problems that meld target geometry and elastic response. This enables us to tailor bespoke materials for a wide
range of applications from performance sportswear24, 50 to biomedical devices7 .
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Figure 4. Example application of programmable elastic response to a therapeutic garment. (A) Gloves made using all
four fabric types to generate anisotropic elastic response to motion of the hand. (B) The extensibility field of each fabric type
shown as an overlay of rectangles are oriented along the principal stiffness directions. The edge lengths are given by 1/Cxxxx
and 1/Cyyyy respectively. (C) The stiffest stitch pattern, stockinette (blue), supports the wrist joint, while the isotropic seed
(pink) grants mobility to the thumb. Highly anisotropic rib (green) and garter (orange) enable the wrist and fingers to flex along
their easy direction. (D,E) Large applied stresses result in nonaffine deformations to a knit. (D) These deformations are shown
using the displacement field (left) of garter fabric (right). (E) Finite element simulations of our constitutive model reproduce
the (left) displacement field seen in experiments and (right) the crosses show the principal directions and moments of the local
strain tensor.
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MATERIALS AND METHODS
S1.

Yarn used in the experiment

We used 2 types of yarn in our experiments. We used Brava worsted yarn (28455-White)
from KnitPicksTM , which is 100% acrylic yarn, hereafter referred to as the “acrylic yarn”
and 082L Pearl cotton 3/2 color 1800-13 sapphire from Halcyon YarnTM , which is 100%
cotton yarn, hereafter referred to as the “cotton yarn.” We measured the bending rigidity,
an approximate interaction potential, and the stress versus strain relationship for both yarn
types.
S2.

Uniaxial stretching experiment

We used a TaitexmaTM Industrial Knitting Machine to create 4 fabric types with both
the acrylic and cotton yarn: stockinette, garter, 1 × 1 rib, and seed. Each fabric sample
consisted of 31 rows and columns and were made at equal tensions and stitch size settings
on the machine. To perform the uniaxial tension experiments, we designed a setup such
that fabric samples had external forces uniformly applied to the boundary. We 3D printed
clamps to use on both ends of the fabric samples and then had a dynamometer hooked
on to one of the clamps that could be moved with a threaded rod. All components of the
experiment were designed to move on guiding rails to keep everything level and prevent
lateral and torsional motion. We designed the clamps with several teeth to effectively hold
down both ends of the fabric sample and prevent slipping.
For each sample, we clamped the fabric on opposite ends. During the experiments, we
positioned and leveled a camera above the sample. Colored pins were placed in the fabric
and red points were painted on the clamps to aid with tracking during the analysis. The
dynamometer was zeroed before the experiment and then incrementally moved by turning
the threaded rod, applying the external force Fx (or Fy ) to the sample boundary until
reaching its maximum force (30N). Experiments were performed slowly, to approximate a
quasistatic regime, stretching from a relaxed configuration to maximum extension over 13 minutes. Between experiment runs, the fabrics are reset to their initial resting length
∗
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FIG. S1. A rib fabric being stretched along its (A) x- and (B) y-directions. The four pins we
tracked to characterize the bulk response of the fabric are circled in red. The initial pin separation
along the x-axis is Lx,0 and along the y-axis is Ly,0 . The values Wx and Wy are the widths of the
fabric held down at the clamps.

and briefly “fluffed” in their transverse direction. We then wait 5 minutes before the next
experiment run. We performed experiments along both axes of the fabrics (along its x- and
y-direction). We extracted the average response by expressing the applied force Fx (or Fy )
in terms of stress components σxx = Fx /Wy (or σyy = Fy /Wx ), where Wx and Wy are fabric
widths measured at the clamped edges.
We looked at the uniaxial response by tracking the length and waist dimensions as the
external force is exerted on the boundary. For the overall bulk response, we used Fiji
(https://imagej.net/Fiji) image processing software with the TrackMate plugin to track
the pins and clamps on each of the sample videos and analyzed the position change of the
coordinates (see Fig. S1). The dynamometer reading was recorded using OCR on its seven
segment display, ensuring stress and strain data were synchronized.
To obtain the average strain response of the fabric, we focused on the displacement
of four pins placed on the axes of symmetry of the fabric. In the case where the fabric is
stretched along the y-direction, two pins are close to the clamps such that the line connecting
them lies along the y-axis and has length Ly . The other two pins were positioned close to
the waist of the fabric such that the line connecting them lies along the x-axis
 2 and
 has
L
length Lx . The principal components of the strain tensor are then εxx = 21 L2x − 1 and
x,0
 2

Ly
1
εyy = 2 L2 − 1 , where Lx,0 and Ly,0 are the respective pin separations of the un-stretched
y,0

fabric (see Fig. S1).
For an accurate model development, we obtained finer details of the fabric stitches. We
created smaller copies of the experimental samples. We used a caliper to measure the average
diameter of the yarn in situ. We then dissected them to obtain average yarn lengths per
stitch for the 4 fabric types. Tables S1 and S2 display the measurements for the acrylic and
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FIG. S2. The stress-versus-strain relations for the four fabrics made from the cotton yarn in
the (A) x- and (B) y-directions. Experiments applying force in the x-direction show the extreme
extensibility of the rib pattern compared with the other three. Garter and seed dominate in the
y-direction. Each fabric is represented by a symbol: stockinette (diamond), garter (triangle), rib
(square), and seed (circle). Solid symbols and open symbols are experimental and simulation
data, respectively. The transverse behavior of the fabric is captured by the relationship εyy -vs-εxx
between the two orthogonal strain direction, shown in (C-F). For fabrics made from acrylic yarn,
(C) shows the transverse behavior when stretched in the x-direction and (D) shows the behavior
when stretched in the y-direction. Similar plots for fabric made from cotton yarn are displayed in
(E) and (F).

cotton yarn, respectively. Figure S2 shows the results of the stress-strain analysis for the
cotton yarn.
S3.

Measuring the bending modulus

Yarn has a hierarchical filamentous structure with internal stresses and friction arising
from the manufacturing process that complicates determining a bending modulus through
draping measurements. However, since probe-based measurements, such as the three-point
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FIG. S3. Depiction of the method used to determine yarn bending rigidity. (A) A segment of
yarn is allowed to hang off of a table, with the left end held in place by a clamp (not shown).
The image of the hanging yarn’s shape is then binarized with a chosen cutoff intensity to yield the
region shown in (B). The curvature near the clamped end is found by fitting a quartic polynomial
to the binarized image, with (C) showing a close-up view of the clamped end. (D) shows the mean
and standard deviation of the measured bending modulus for yarn samples of lengths 10 mm - 25
mm.

flexural test, inevitably lead to compression of the yarn’s cross-section, we nonetheless find
that draping measurements yield the most consistent results, using simple approximations
to the yarn shape. A schematic of the setup is shown in Fig. S3.
The yarn of linear mass density λ and length L is clamped at the edge of a flat surface at
x = 0 and y = 0 and the free end is allowed to drape under gravity. Equilibrium distributions
of the internal moment M(s) and force T(s) are governed by the Kirchhoff rod equations,
∂s T(s) − λgŷ = 0 ,

(S1a)

∂s M(s) + t̂(s) × T(s) = 0 ,

(S1b)

where s ∈ [0, L] is the arclength coordinate with s = 0 at the clamped end and s = L
at the free end. Integrating Eqs. S1a,S1b and using the free end boundary conditions
T(L) = M(L) = 0, we have
T(s) = λg(s − L)ŷ ,
Z L
M(s) = λgŷ ·
ds0 t̂(s0 )(s0 − L) .

(S2a)
(S2b)

s

Evaluating Eq. S2b at the clamping point s = 0 and integrating by parts, we find
M(0) = −λLgx∗ ŷ ,

(S3)

RL
where x∗ = L−1 0 ds x(s) is the x-component of the center of mass of the hanging yarn,
recovering the basic result that the total gravitational torque applied to the yarn at the
clamped boundary is simply the total gravitational force of the yarn, −λLgŷ, times its lever
arm x∗ . Finally, assuming the linear constitutive relationship M (s) = Bκ(s), we solve for
the bending modulus B of the yarn, viz.
B=

λLgx∗
,
κ(0)

(S4)
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where κ(0) is the curvature discontinuity of the yarn at the clamping point.
Looking at four increments of yarn length ranging from 10cm to 25cm, we cut out 5
samples at each length and perform bending experiments on the yarn. Each sample is cut
with an additional 10cm of yarn that is adhered on a flat surface with double-sided tape.
The yarn is hung off the edge of the platform and bends under its own weight due to gravity,
adopting a roughly parabolic shape. A camera is positioned level to the setup and images
the yarns’ behavior. We apply a blur and binarize filter to the images to isolate the yarn.
Taking the points that composite the yarn shape, we fit a 4th degree polynomial to find the
approximate centerline of the yarn.
We fit a 4th-order polynomial curve y(x) = (a/2)x2 + (b/4)x4 to the points closest to
the clamped end, within a cropping window that excludes points far from the clamped
end. Using this fit, we extract the curvature discontinuity κ(0) = a/(1 + a2 )3/2 . The xcomponent of the center of mass, x∗ , is approximated by the average over all x-coordinates
of the binarized image of the yarn.
For acrylic, we find B ≈ 45 ± 6 mN mm2 . For cotton, we find B ≈ 170 ± 10 mN mm2 .
S4.

Measuring the yarn compressibility and effective interaction potential

FIG. S4. Depiction of the method used to determine the restoring force of the yarn under compression. (A) shows the experimental setup with UTM probe pressing down on yarn that is supported
by three rigid pillars. The center pillar has width equal to the probe diameter to best approximate
the symmetric deformation illustrated in (B). (C) and (D) show the measured restoring force as
a function of probe-to-midline distance ρ for acrylic and cotton samples, respectively. The dashed
curve is a fit of the data to the assumed function form given in Eq. S5.

We used a Zwick/Roell Z010 Universal Testing Machine (UTM) to perform compression
experiments on the yarn. Three yarn samples of length 20 mm (for the acrylic yarn) and 30
mm (for the cotton yarn) were compressed between a probe tip of 5 mm in diameter and a
custom acrylic stage also 5 mm in diameter. The UTM probe tip was slowly lowered onto
the yarn, resulting in quasistatic measurements of the restoring force as a function of probe
height. A schematic of the setup is shown in Fig. S4.
Using the force vs. probe height compression measurements, we then find an effective yarn
interaction potential energy for use in the simulations. The yarn compression data show
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nonlinear behavior of the yarn’s resisting force as a function of probe height, exhibiting a
soft regime for low compression that stiffens as the constituent fibers are forced to pack into
a small volume for high compression. Noting that the stress versus strain measurements of
the fabric attain maximum stresses of approximately 1 N/mm, we argue that it is sufficient
to find an approximate force versus compression depth that follows the yarn compression
data up to 1 N. We fit the compression data to a model force law given by
 p

ρ0
ρ0
Fprobe (ρ) = Acomp k
−1
(S5)
p
ρ
for forces between 10−3 N and 1 N, where the lower bound was chosen to cut out fluctuations
on the measured force presumably due to the corona of wispy fibers sticking out of the yarn.
Here, ρ = δc − δ is the thickness of the yarn when the probe is at depth δ, where δc is a cutoff
depth, modeling an effective incompressible “core” of the yarn. We use the probe depth at 3
N as the cutoff height. This model was chosen because it captures the compression-stiffening
behavior of the yarn for low to moderate compression, where p > 1 is a fitting parameter
that encodes this nonlinear behavior. Furthermore, Fprobe → 0 as ρ → ρ0 , where ρ0 = δc − δ0
is the uncompressed thickness of the yarn, where δ0 is the probe depth at the edge of the yarn
(here taken to be when Fprobe ≈ 10−3 N). The fitting parameter k sets the scale of the yarn’s
compressional rigidity per area, with Acomp representing the compressed area of the yarn,
which we approximate as the diameter of the UTM tool (5 mm) times the diameter of the
yarn being compressed. For small compressions, where ρ − ρ0 = ∆ρ  ρ0 , the compression
force is approximately Fprobe ' −Acomp k∆ρ and Acomp k appropriately measures an effective
spring constant. The results of these fits are shown in Table S5.
In the simulations, two yarn segments in contact mutually compress each other. We
approximate the compression in terms of the centerline-to-centerline distance of two yarn
segments, R(s, s0 ) ≡ |γ(s) − γ(s0 )|, where γ(s) and γ(s0 ) are two centerline points. For
fixed centerline points, the compressed thickness is taken to be ρ = R − 2rcore , where
rcore is an effective “core radius” of the yarn, representing the hard core cutoff radius, and
ρ0 = 2r − 2rcore , where r is the outer radius of the yarn. The interaction potential energy
density is given by
(
2
core )
k (2r−2r
[ζ 1−p − 1 − (p − 1)(1 − ζ)] for ζ < 1
p(p−1)
Vint (ζ) =
,
(S6)
0
for ζ ≥ 1
where ζ ≡ (R − 2rcore )/(2r − 2rcore ) is a non-dimensional measure of compressed thickness.
S5.

Simulation method

We approximated the yarn as an arclength-parametrized space curve γ(s) embedded in
Euclidean R3 . Equilibrium configurations of the yarn balance stresses due to the (i) bending
rigidity of the yarn, (ii) contact interactions of the yarn against itself, and (iii) external, or
applied, forces. To this end, we modeled the yarn as inextensible elastica with an interaction
energy such that the total energy is given by


Z L
B
2
Eyarn =
ds
∂s t̂(s) + T + Vint [γ; s]
(S7)
2
0
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where the unit tangent vector is given by t̂(s) = ∂s γ(s), T is a Lagrange multiplier describing
an overall tension that maintains the curve at a constant length L, and the interaction energy
is given by
Z
1 L 0
Vint [γ; s] =
ds Vint (|γ(s) − γ(s0 )|) .
(S8)
2 0
The interaction energy density Vint (R), with R(s, s0 ) = |γ(s) − γ(s0 )| is derived from the
contact force model with fint = −∂Vint /∂R. Note that we must be careful when integrating
the total interaction energy to only count interactions a minimum separation ∆s along the
arclength of the yarn. This prevents nearby points from adding divergent contributions to
the interaction energy. Refer to Table S6 for a list of parameters used in the simulations.
In order to handle the complicated geometry of a knit stitch, we decompose the curve
γ(s) into a sequence of curve segments {γσ (s)} with identified endpoints γσ (send,σ ) =
γσ+1 (sstart,σ+1 ).
To numerically minimize the total energy, we represented the curve γσ (s) as a Bézier
curve, expanding in the Bernstein polynomial basis, namely
γσ (s(t)) =

N
X

kσ,n βnN (t) ,

(S9)

n=0

where {kσ,n } are the control points of the curve and
βnN (t) ≡

N!
tn (1 − t)N −n
n!(N − n)!

(S10)

are Bernstein polynomials. The parameter t ∈ [0, 1] is a re-parametrization of the arclength
parameter s ∈ [sstart,σ , send,σ ] for each segment σ of the resulting Bézier spline curve. However, merely requiring the global curve to be continuous allows for kinks to be introduced
into the joints between curve segments. In order to generate realistic results, we additionally
require that the unit tangent vector t̂(s) and its derivative ∂s t̂(s) = κ(s)n̂(s)s) are continuous in space, where κ(s) is the curvature and n̂(s) is the unit normal vector at each point
along the curve. These joining conditions between curve segments ensure that the global
curve lies within the C 3 continuity class, where ∂s3 γ(s) is continuous everywhere along the
spline. We chose to represent each curve segment by degree-5 (N = 5) Bézier curves, each
specified by 6 control points. The choice of degree-5 Bézier curves simultaneously gives sufficient flexibility for our simulations whilst maintaining a relatively small number of degrees
of freedom and ensuring that the simulated curves remain in the C 3 continuity class.
Even though this representation allows control over curve smoothness, variations in control parameters give non-local control over curve shape, giving rise to a large number of local
energy minima. This is particularly problematic as a curve segment approaches a straight
configuration, due to a degeneracy of control point arrangements for a straight curve. This
leads to “vertex bunching,” a common problem in geometry optimization. To alleviate this
problem, we introduced a cost functional that penalizes such configurations, characterized
by small amplitude “wiggles” in the curve shape. We incorporated a regularizing energy of
the form
Z
Creg L
Ereg =
ds |∂ss t̂|2
(S11)
2 0
where Creg is a constant that controls the strength of the regularizing energy.

8

FIG. S5. Depictions of the individual stitch cell construction of each of the four fabrics. The
left-most panels show the geometry of a single relaxed knit stitch contained in a box that outlines
the spatial extent of the cell. The center panels show a single relaxed purl stitch, obtained from
the knit stitch via the mirror operation M through the z = 0 plane, depicted by the colored plane
cutting through each of the boxes. The right-most panels show the construction of (A) stockinette,
(B) garter, (C) rib, and (D) seed fabrics. Each fabric is generated by the repeated action of a
combination of mirror operations M , as well as translation operations Tx and Ty , on the knit stitch
shown in the left-most panels.

Rather than simulating a finite swatch of knitted fabric with boundaries, we took advantage of the symmetries of an infinite fabric without boundaries. This enabled a reduction
in the scale of the simulation to a single stitch. Since the fabric is a rectangular grid, this
individual stitch cell is a rectangular region of dimensions `x and ` (Fig. S5), with lattice
positions indexed by a pair of integers (m, n), representing the position of a cell relative to
a reference cell at m, n = 0. The central curve then has a periodic structure given by
γ(m,n) (s) = M f (m,n) Tyn Txm γ(0,0) (s) ,

(S12)

where Tx : γ 7→ γ + `x x̂ and Ty : γ 7→ γ + `y ŷ are translation operations between stitch cells
and M ≡ (1 − 2ẑ ⊗ ẑ) represents a mirror operation that reflects the stitch path through
the midplane of the fabric, converting knits to purls, as depicted in Fig. S5. The function
f (m, n) sets the number of mirror operations M that are applied at each cell and thus
provides information regarding the pattern. It is given by f (m, n) = 0 for stockinette fabric,
f (m, n) = n for garter fabric, f (m, n) = m for rib fabric, and f (m, n) = m+n for seed fabric.
Within a single cell, the path γ(0,0) (s) obeys a form of periodic boundary conditions, where
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the mirror operation may be applied to the unit vector t̂(s) at each boundary, depending on
which stitch pattern being studied. We matched simulations to experiments by setting the
length L of the path γ(0,0) (s) within a single simulated stitch to the measured yarn length
per stitch for each manufactured sample.
We simulated the effect of fabric stretching in the x-direction (y-direction) by numerically
minimizing the total yarn energy Eyarn [γ(0,0) ] at fixed stitch cell dimension `x (`y ), while allowing the transverse dimension `y (`x ) to vary. This minimization was performed using the
Sequential Least Squares Programming (SLSQP) method in the scipy.optimize Python
package (https://docs.scipy.org/doc/scipy/reference/optimize.html), which is a
gradient-free optimization algorithm that allows a number of equality and inequality constraints to be specified; in particular, we fixed the yarn length L to be constant. To generate
a 1D energy landscape E(`µ ) (with µ = x, y), we first started with a guess for an initial,
un-stretched configuration, at an initial stitch dimension `m u, and numerically minimized
that configuration. We then incremented or decremented the stitch dimension `µ → `µ ± ∆`
and used the result of the minimization as new initial conditions for minimizing the energy
over this new cell dimension; we generated full 1D landscapes using this 0th order parametric
continuation, making sure to sweep in both ±∆` directions to bracket an energy minimum.
Since this minimization approach is prone to finding local, metastable energy minima, we
performed this sweep on four different initial stitch configurations, accepting the lowest
energy value as the accepted simulation result, in order to search for better approximations
to the “true ground state” of the stitch. Simulated annealing methods may get closer to
this global minimum. However, we found that the Bézier curve representation suffers from
a large number of near-degenerate configurations, complicating the application of simulated
annealing methods.
With a given energy landscape E(`µ ), we interpolated the data using 3rd order polynomial interpolation and found the force profile fx (`x ) = dE/d`x (or fy (`y ) = dE/d`y ). The
completely relaxed, force-free configuration of the stitch corresponds to the point where
fx = fy = 0, which can equivalently be found in either the E(`x ) or the E(`y ) landscapes
since allowing the transverse dimension to vary freely in minimization is equivalent to specifying a zero-force condition on that dimension. Denoting the stitch cell dimensions of
that completely relaxed configuration as `x,0 and `y,0 , we converted force data to nominal
stress via σxx = fx /`y,0 and σyy = fy /`x,0 , expressed as a function of the nonlinear strain
components εxx = ((`x /`x,0 )2 − 1)/2 and εyy = ((`y /`y,0 )2 − 1)/2.
1.

Restricting sliding with arclength constraints

Our simulation method of minimizing an elastica energy functional over topologicallyconstrained configurations of yarn does not incorporate effects of friction. Given the wispy,
corrugated texture of the yarn, we expect that friction may play an important role in reducing
the ability of the yarn to slide against itself in certain configurations. We hypothesize that
this effect may be particularly relevant for seed stitch, as their cross-over regions do not clasp
as completely as other stitches, which can be seen in Fig. S5. In particular, seed possesses
relatively straight segments oriented along ŷ, even in the un-stretched configuration, allowing
for a soft sliding motion that is distinct from the soft near-rigid rotation of S-shaped segments
of yarn (described in Sec. S8).
To demonstrate the effect of contact sliding, we consider the extreme limit of quenched
sliding. This is implemented in the energy minimization through as pair of constraints that
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break the reptation symmetry of the yarn. Using our decomposition of yarn into cross-overs
and connections, we can approximate the arclength coordinate of the ith contact point, si ,
as “half-way” between the ends of the yarn in the corresponding cross-over region, which are
at points si,0 and si,1 , taking si = (si,0 + si,1 )/2. The slide-quenching constraints amount to
ensuring that the total arclength of yarn joining two neighboring cross-over regions remains
constant under deformation, i.e. si+1 − si = s0i+1 − s0i , where s0i are the corresponding
arclength positions in the un-stretched state. Within each stitch there are 4 such contact
points, so in principle there need to be 4 such constraints. However, the mirror symmetry
of the stitch about the yz-plane passing through its middle P
relates two of the arclength
coordinates, and the total arclength constraint implies that i si = L, leaving only two
constraints that need to be enforced, namely
s2 − s1 = s02 − s01 and
s3 − s2 = s03 − s02 .

(S13)

Note that the addition of these constraints require that stretched stitches inherit information about the un-stretched equilibrium, namely {s0i }. This dependence on a reference
configuration distinguishes the elasticity of slide-quenched fabrics from those that allow for
sliding in a way reminiscent to the difference between elastomeric materials (e.g. polymer
gels and rubbers) that attain rigidity via permanent cross-links, versus so-called “topological” constraints. We leave further explorations of quenched versus annealed sliding for future
studies.

SUPPLEMENTARY TEXT
S6.

Transverse stress-strain behavior

Under uniaxial strain experiments, the fabrics attain an hourglass-like waist as the force
acting along one direction causes a response in the transverse direction (see Fig. S2). This
response is a result of the fabric’s Poisson effect, i.e. stretching the fabric in one direction
thins it in transverse directions. For example, if the fabric is stretched in the x-direction
so that the strain component εxx is positive, then it thins in the y-direction. Due to the
constraints on transverse deformation imposed by clamps on two of the edges, the strain
field component εyy < 0 varies along the fabric, and the magnitude of the strain reaches a
maximum where the waist narrows. The pin tracking approach we employed measures the
deformation in this region.
The formation of the narrow region of the fabric relies on the presence of free (un-clamped)
boundaries. Locally, the normal components of the stress field evaluated at these free boundaries must vanish, i.e. σij N̂j = 0, where N̂ is the unit normal vector on the boundary of
the fabric. In the narrowest region where the measurements are taken, this amounts to
σyy (εxx , εyy ) ' 0 if the fabric is stretched in the x-direction, or σyy (εxx , εyy ) ' 0 if the fabric
is stretched in the y-direction. The vanishing transverse stress gives a relationship between
the two strain components in terms of the already determined fitting parameters. We display these εyy -vs-εxx curves along with the experimental and simulation data in Figs. S2.
Therefore, the transverse data for the simulations may not accurately track the experimental
results for either type of yarn.
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S7.

Knitting Machine versus Hand Knitting

The knitting machine is ideal for creating samples of uniform tension; however, it poses
challenges in ensuring uniform tensions and stitch sizes between the different fabric swatches.
We were able to uniformly craft and replicate each fabric type which an equivalent number
of rows and columns, but due to lack of control of stitch size, the samples had different
lengths of yarn per stitch. Hand knitting, in contrast, cannot guarantee uniform tension
throughout the sample, but provides greater control of stitch size even while altering the
pattern of the knit and purl stitches due to the fixed diameter of the knitting needle. Table
S1 displays the differences in the yarn per stitch and the yarn diameter between machine
knit and hand knit samples for the acrylic yarn.
S8.

Estimates of extensile rigidity from reduced-symmetry elastica model
(RS-model)

We used an elastica calculation to demonstrate the difference in rigidity between the
“U”-shaped yarn segments that join pairs of knits or purls and the “S”-shaped segments
that connect knits to purls. The schematics shown in Fig. 3A-K depict these curves in the
xz- and yz-planes of the fabric. We can approximate the shape of these 3D curves as the
image of 2D parametric curves r(u) = rk (u)êk + r⊥ ê⊥ where −1/2 ≤ u ≤ 1/2, êk is a
unit vector in the xy-plane and ê⊥ = ẑ lies along the fabric’s thickness. Translating the
coordinate system such that the endpoints of a segment are at antipodal values r(±1/2) =
±r0 = λ2 (cos φ êk + sin φ ê⊥ ), we recognize that the U-shaped segments are curves with
even symmetry reven (−u) = reven (u) and φ = 0, and S-shaped segments are curves with
odd symmetry rodd (−u) = −rodd (u) and general φ 6= 0. This follows from the mapping
of knit stitches to purl stitches in 3D space induced by the action of the mirror operation
M = (1 − 2ê⊥ ⊗ ê⊥ ) on the centerline of the yarn.
The geometry of the crossover regions at the endpoints of the yarn segment constrains
the shape of the curve at its endpoints by the requirement that the curve must clasp around
another curve in the crossover region. The end of the yarn is forced to deflect out of the plane,
following a given tangent vector v̂ adding an additional set of boundary conditions to the
parametric curve r(u). For even curves, this boundary condition is [∂u reven /|∂u reven |]±1/2 =
v̂k êk ± v̂⊥ ê⊥ and for odd curves, it is [∂u rodd /|∂u rodd |]±1/2 = v̂.
To simplify calculations, we will express the curve r(u) as a deflection ζ(u) transverse to
the end-to-end orientation λ(φ) = λ(cos φ êk + sin φ ê⊥ ) via
r(u) = uλ(φ) + λζ(u)r̂0,⊥ (φ)

(S14)

where ζ̂ = − sin φ êk + cos φ ê⊥ is the direction transverse to the end-to-end orientation. In
this representation, the deflection function ζ(u) obeys the boundary conditions ζ(±1/2) = 0.
We additionally take the small-deflection approximation so that the tangent vector at each
point is given by t̂ ≈ λ̂ + ζ̂∂u ζ + O(ζ 2 ). Therefore, for U-shaped segments, the slope of
the deflection function at the ends is given by ∂u ζeven (±1/2) ≈ ±v̂ · ζ̂ = ±v̂ζ . For S-shaped
curves, the slope is given by ∂u ζodd (±1/2) ≈ v̂ · ζ̂ = v̂ζ .
In the small-deflection approximation, the elastica energy is given by


Z
λ 1/2
B 2 2
2
du
(∂ ζ) + T (∂u ζ) + T (λ − L)
(S15)
E[ζ, λ, T ] ≈
2 −1/2
λ2 u
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where T is a Lagrange multiplier, a tension that constrains the length of the curve to L. It
is useful to rewrite the energy as



Z
B 1/2
L
2 2
2
2
2
−1
(S16)
E[ζ, λ, q] ≈
du (∂u ζ) + 4q (∂u ζ) − 8q
2λ −1/2
λ
where q 2 ≡ T λ2 /(4B) is a dimensionless form of the Lagrange multiplier. The equilibrium
deflection ζ(u) extremizes this energy function so that δE/δζ = 0 and therefore solves
the differential equation ∂u4 ζ − 4q 2 ∂u2 ζ = 0. Even solutions (U-shaped segments) have the
form ζeven = a + b cosh 2qu and odd solutions (S-shaped segments) have the form ζodd =
cu+d sinh 2qu, where the constants a, b, c, and d are determined by the boundary conditions
on ζeven and ζodd . Inserting these solutions back into the energy functional, the total energy
for U-shaped segments EU is given by



L
2B 2
2
EU (v̂ζ , λ, q) ≈
v̂ζ q coth q − 2q
−1
(S17)
λ
λ
and the total energy for S-shaped segments ES is given by



2B 2
L
q 2 sinh q
2
ES (v̂ζ , λ, q) ≈
v̂ζ
− 2q
−1
.
λ
q cosh q − sinh q
λ

(S18)

In order for the length constraint to be enforced, the dimensionless Lagrange multiplier q is
chosen to solve the equation ∂E/∂q = 0. However, to solve for q, we require the solution to
transcendental equations for both U-shaped and S-shaped curves. To avoid this, we find it
is sufficient to Taylor expand each energy function to quartic order in q, yielding


 

2B 2
q4
L
q2
6
2
EU (v̂ζ , λ, q) ≈
−
+ O(q ) − 2q
−1
(S19)
v̂ζ 1 +
λ
3
45
λ
and



 

q4
2B 2
L
q2
6
2
−
+ O(q ) − 2q
−1
ES (v̂ζ , λ, q) ≈
v̂ζ 3 +
λ
5
175
λ

(S20)

which yield approximate polynomial equations for the constraining tension q. Using the
solution for q, we find effective elastica energies
"


#
v̂ζ2
2B 9 2 45 L
L
EU (v̂ζ , λ) ≈
v̂ +
−1
−1−
(S21)
λ 4 ζ v̂ζ2 λ
λ
3
and
2B
ES (v̂ζ , λ) ≈
λ

"

19 2 175
v̂ + 2
4 ζ
v̂ζ




#
v̂ζ2
L
L
−1
−1−
λ
λ
5

(S22)

which include the lowest-order correction to the bending energy arising from the enforced
length constraint. The first term of the energy arises from an overall penalty from curvature,
so that at fixed endpoint orientation v̂, the internal stress of the curve pushes its endpoint
separation λ to higher values. This stress is countered by the second term, representing the
cost of concentrating curvature to the endpoints of the curve when the endpoint separation λ
approaches the total length L of the curve. Therefore, there is an endpoint separation λ∗ that
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minimizes the elastica energy so ∂E/∂λ|λ∗ = 0 at fixed endpoint orientation v̂. For U-shaped
segments, λ∗U /L ≈ 1 − v̂ζ2 /6 + O(v̂ζ4 ), and for S-shaped segments, λ∗S /L ≈ 1 − v̂ζ2 /10 + O(v̂ζ4 ).
We will next assume that under low applied stress, these segments have separation length λ
that are almost the energy-minimizing length λ∗ . Expanding the elastica energy to second
order in (λ − λ∗ )/λ∗ , the U-shaped segment energy is approximately
"

2 #
2B 2 45 λ − λ∗U
EU (v̂ζ , λ) ≈
v̂ζ + 2
(S23)
λ
v̂ζ
λ∗U
and the S-shaped segment energy is approximately
"

#
∗ 2
6B 2 175 λ − λS
v̂ζ + 2
ES (v̂ζ , λ) ≈
λ
3v̂ζ
λ∗S

(S24)

where we have kept only leading-order terms in v̂ζ . Note that the cost of deforming each
segment diverges when the endpoint orientations approach the orientation of the endpoint
separation vector, i.e. v̂ζ → 0. In this limit, the energy-minimizing length approaches the
total length of the curve, λ∗ → L, and due to the length constraint, the cost of stretching
the curve beyond its total length should diverge. Finally, the bending energy for S-shaped
segments is generally larger than the bending energy for U-shaped curves, assuming each
curve has identical values of length L, endpoint separation λ, and endpoint orientation v̂ζ .
This is reasonable since S-shaped curves have two arches, each with a fraction of the radius
of curvature of the single arch of a U-shaped curve.
Next, we determine the rigidity k ≡ (∂ 2 E/∂λ2k )v̂ for extensile deformations of each curve
along the fabric plane, where λk = λ · êk = λ cos φ is the x-axis projection of the endpoint
separation. As shown in Fig. 3A,B, the endpoint orientation v̂ remains effectively fixed
under such deformations. For U-shaped segments, the planar projection of the endpoint
separation λk is identical to the full endpoint separation λ, since φ = 0, so kU ≡ (∂ 2 EU /∂λ2 )v̂ .
Therefore, the extensional rigidity for U-shaped curves is approximately
kU =

180B
v̂ζ2 Lλ2

(S25)

where the divergence as v̂ζ → 0 is due to infinite energy cost for stretching the curve
beyond its constrained length. In general, S-shaped segments align along an angle φ 6= 0
and deformations of the x-axis projection of the endpoint separation λk can be achieved by
changes in both the endpoint separation λ and the angle φ. It is evident that deformations
involving changes in endpoint separation λ are even more rigid than those for U-shaped
segments. Therefore, S-shaped segments undergo extensile deformations by rotating in into
the fabric plane (as shown in Fig. 3B), i.e. they change λk by changing the angle φ at
fixed λ so kS ≡ (∂ 2 ES /∂λ2k )v̂,λ . Therefore, the extensional rigidity for S-shaped curves is
approximately
12B
kS ≈
(1 + v̂ζ cot φ)
(S26)
Lλ2⊥
where λ⊥ = λ · ê⊥ = λ sin φ is the out-of-plane projection of the endpoint separation λ.
Note that this energy diverges as φ → 0, for which the rotational freedom of the S-shaped
segment saturates and the curve must increase λ in order to undergo extensile deformations,
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much like U-shaped curves. However, for garter, rib, and seed stitches, values of φ for the
undefomed stitch are closer to 45◦ , so that cot φ = 1. In this case, we find that the ratio
of U-shaped segment rigidity to S-shaped segment rigidity can be significantly greater than
one, with kU /kS ∼ O(10) being typical.
S9.

Nonlinear constitutive model

Total bending energy scales with curvature κ as Ebend ∼ κ ∼ `−1
b , where `b is the
bending
lengthscale.
Using
dimensional
analysis,
we
find
the
scaling
for
the bending length
p
`b ∼ B/T , where T is the yarn tension and B is the bending modulus. This problem has
three lengthscales: yarn radius r, bending length `b , and length of yarn per stitch L, subject
to the constraint r ≤ `b ≤ L. The limits of this region correspond to two physical cases. Case
one, `b ≈ L, occurs when there is little to no applied external force. Under small strains ε,
the bending length decreases linearly, such that changes in `b go as ∆`b ∼ −ε`b0 , where `b0 is
the bending length at zero strain. This results in the linear stress-strain relationship σlow ∝ ε.
Case two, `b ≈ r, occurs when the fabric is under high external load. Here, the yarn segments
within each crossover region clasp increasingly tightly around each other. In this regime,
the total length of yarn L can be approximated as L ≈ c(λmax + r), where c is a numerical
prefactor of O(1) and λmax ≈ (1 + ε)λ0 , the maximal separation between crossover regions,
varies linearly with the average separation between crossover regions in the unstrained case,
λ0 . Therefore, the bending length can be approximated as `b ≈ r ≈ (L/c)−λmax ≈ A(1−αε),
where A and α are constants determined by the material properties of the yarn. The bending
−1
energy scales as Ebend ∼ `−1
b ∼ (1 − αε) . This implies that the high-stress regime scales as
σhigh ∼ ∂Ebend /∂ε ∼ (1−αε)−2 . This is consistent with our elastica analysis in the preceding
section, where the high-tension limit q  1 recovers the same bending energy scaling form.
While the low-stress regime is determined by topology, the high-stress regime is dominated
by the material properties of the yarn. Combining these limiting behaviors leads us to a
stress-strain relationship σ(ε) ≈ σlow (ε)+σhigh (ε), which fits our experimental and simulation
data quite well, as shown in Fig. 2.
S10.

Uniaxial constitutive model and boundary condition-consistent fitting

Our constitutive model for a sample of knitted fabric under uniaxial stress is given by



1
0
0

 σxx (εxx , εyy ) = Cxxxx εxx + Cxxyy εyy + βxx (1−αxx εxx )2 − 1 − 2αxx εxx
(S27)

 ,

1
0
0
 σyy (εxx , εyy ) = Cyyyy
εyy + Cyyxx εxx + βyy (1−αyy εyy )2 − 1 − 2αyy εyy
0
0
0
0
where Cxxxx
, Cyyyy
, and Cxxyy
= Cyyxx
are components of the rigidity tensor Cijkl ≡
0
∂σij /∂εkl , evaluated in the low-strain, linear elastic limit wherein σij ≈ Cijkl
εkl . The constants αxx and αyy characterize the finite extensibility of knitted fabric when stretched in
orthogonal directions, with βxx and βyy setting the stress scale of the strain-stiffening regime.
We obtained values of these seven parameters for each fabric by fitting the constitutive relations to data via a least-squares scheme. For each fabric, we obtained two
independent
data series from the uniaxial stretching experiments: (i) measured triplets

data
Sx = εdata
,
εdata
of strain and stress in the x-direction and (ii) measured triplets
xx
yy , σxx
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data
data
Sy = εdata
of strain and stress in the y-direction. The simplest implementayy , εxx , σyy
tion of least-squares fitting is to minimize the functional
X
X


data data
data 2
data
data 2
σ
(ε
,
ε
)
−
σ
(S28)
σxx (εdata
,
ε
)
−
σ
+
Ik =
xx
xx
yy
yy
xx
yy
xx
data data
(εdata
yy ,εxx ,σyy )∈Sy

data data
(εdata
xx ,εyy ,σxx )∈Sx

with respect to the seven unknown parameters in the constitutive relation. However, minimizing this functional alone is insufficient because it ignores constraints imposed by the
boundary conditions of the fabric. Since no force was applied at the free boundaries of the
fabric, the boundary-normal components of the stress tensor σ vanish at the free boundaries when the fabric in mechanical equilibrium. In the affine deformation approximation
to the fabric, this means that transverse components of stress should be zero. We therefore
introduced a second functional
X
X
2
data
2
data
I⊥ = wx
σyy
(εdata
,
ε
)
+
w
σxx
(εdata
(S29)
y
xx
yy
xx , εyy )
data data
(εdata
xx ,εyy ,σxx )∈Sx

data data
(εdata
yy ,εxx ,σyy )∈Sy

to maintain consistency with the free boundary condition. This “simultaneous” least-squares
scheme involved minimizing the combined functional I = Ik +I⊥ , where we weighted the cost
of inconsistency with the boundary condition at the free boundary with factors wx and wy .
We found that a relatively large weight wx = wy = 10 yielded fits that are consistent with
the absence of stress at the free boundary, with the exception of the rib stitch. Since the rib
stitch has ridges that stretch along the fabric’s y-direction, these ridges tend to “jam” under
stretching in the y-direction, limiting the transverse deformation. Since this effect is nonlocal, it falls outside of our constitutive model. Since it limits the transverse deformation,
this jamming contributes a virtual stress in the x-direction that cannot be captured with
stress-free boundary conditions. We therefore relaxed the stress-free boundary condition for
stretching rib fabric in the y-direction, taking wy = 1.
While our model exhibits remarkable agreement with longitudinal stress-vs-strain data,
there is relatively poor agreement in the transverse direction. We attribute this to the
absence of mixing between longitudinal and transverse strain tensor components in the nonlinear regime of our model.
Values obtained for the fitting parameters are shown in Tables S3 and S4.

S11.

Applying the constitutive model to simulate uniaxial stretching in fabrics of
finite size

To simulate the deformed shape of sample of fabric of finite extent using our constitutive
model (Eqs. S27), we turn to continuum elasticity theory. We will denote points inside
the undeformed fabric as r = (x, y), where x ∈ [−W0 /2, W0 /2] and y ∈ [−L0 /2, L0 /2].
The dimensions of the undeformed garter fabric made of acrylic yarn, measured prior to
the stretching experiment, are W0 = 100 mm and L0 = 81 mm. Under applied uniaxial
displacement of the boundaries, fabric points r are displaced by a vector field u(r) to new
points R(r) = r + u(r), resulting in a Lagrangian strain tensor
εij (r) =

1
(∂i R · ∂j R − δij ) .
2

(S30)

16
This strain corresponds to an internal stress field σij (r) via our constitutive model (Eqs. S27).
The final shape adopted by the fabric under set displacements of the y-boundary, u(x, ±L0 /2) =
±U ŷ, is determined by solving the continuum elasticity equilibrium equations,
∂j σij (r) = 0 ,

(S31)

with boundary conditions σxj (±W0 /2, y) = 0 on the x-boundary.
To solve this boundary value problem, we turn to the Finite Element Method (FEM), as
implemented by FEniCS, an open-source finite element solver (see https://fenicsproject.
org/). Rather than directly solving the stress balance partial differential equation, the problem is cast in its “weak form,” derived from the energy functional

Z W0 /2 Z L0 /2
2 3 
2 3
βyy αyy
εyy
1
βxx αxx
εxx
dx dy
E[ε] =
Cijkl εij εkl +
+
.
(S32)
2
1 − αxx εxx 1 − αyy εyy
−W0 /2 −L0 /2
Following the standard FEM procedure, we create a meshed representation of the undeformed fabric. The mesh elements at the top and bottom boundaries of the fabric are
displaced by the fixed boundary displacement U . Next, the program calculates the variations in the total energy δE with respect to displacements of the mesh vertices δuk . Finally,
the program iteratively searches for the root δE(u) = 0. To avoid numerical issues due to
the singular form of the nonlinear part of the elastic energy functional, we approximate the
nonlinear part by its series expansion, truncating at quartic order (dropping terms O(ε5 )
and higher). While we did not calculate the elastic constant Cxyxy in experiments or simulations, for this demonstration, we chose Cxyxy = 0.01 N mm-1 , which is on a comparable
scale as the other elastic constants. Since the majority of the uniaxial deformation involves
εxx and εyy components of strain, the simulated deformations are relatively insensitive to
this one elastic constant.
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Method
Machine Knit

Hand Knit

Measurement
Yarn per
stitch (mm)
Yarn diameter
(mm)
Yarn per
stitch (mm)
Yarn diameter
(mm)

Stockinette

Garter

Rib

Seed

11.28 ± 0.62

10.55 ± 0.27

16.10 ± 1.58

15.67 ± 0.76

1.47 ± 0.11

2.07 ± 0.10

2.35 ± 0.15

2.39 ± 0.12

17.85 ± 0.95

18.07 ± 0.81

18.32 ± 0.95

18.33 ± 1.15

2.16 ± 0.15

2.42 ± 0.15

2.49 ± 0.25

2.78 ± 0.32

TABLE S1. The average yarn per stitch and relaxed yarn diameter within the stitches for the
four fabric types made with acrylic yarn. We created samples both by hand and with the knitting
machine and note the significant changes in the range of values between the two methods.
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Measurement
Yarn per
stitch (mm)
Yarn diameter
(mm)

Stockinette

Garter

Rib

Seed

12.28 ± 0.59

16.05 ± 0.54

17.94 ± 0.40

17.32 ± 1.10

1.31 ± 0.11

1.59 ± 0.22

1.38 ± 0.08

1.49 ± 0.14

TABLE S2. The average yarn per stitch and relaxed yarn diameter within the stitches for the four
fabric types made with the cotton yarn. All of the samples were made using the knitting machine.
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Stockinette
(experiment)
Stockinette
(simulation)
Stockinette
(RS model)
Garter
(experiment)
Garter
(simulation)
Garter
(RS model)
Rib
(experiment)
Rib
(simulation)
Rib
(RS model)
Seed
(experiment)
Seed
(simulation)
Seed
(RS model)

0
Cxxxx
(N mm-1 )

0
Cyyyy
(N mm-1 )

0
Cxxyy
(N mm-1 )

αxx

αyy

βxx
(N mm-1 )

βyy
(N mm-1 )

0.478

1.256

0.308

1.203

4.567

0.129

0.099

0.434

0.412

0.102

1.425

1.496

0.022

0.138

0.514

0.442

-

-

-

-

-

0.204

0.089

0.031

1.076

0.695

0.022

0.048

0.329

0.097

0.029

1.080

0.440

0.031

0.110

0.303

0.070

-

-

-

-

-

0.020

0.146

0.011

0.248

1.177

0.020

0.053

0.023

0.212

0.020

0.252

1.140

0.040

0.013

0.021

0.198

-

-

-

-

-

0.128

0.062

0.016

0.890

0.554

0.051

0.056

0.061

0.062

0.012

0.556

0.593

0.013

0.053

0.042

0.034

-

-

-

-

-

TABLE S3. List of parameters obtained by fitting the constitutive model to experimental and
simulation data representing fabric made from the acrylic yarn. Also included: estimates of stitch
rigidity from the reduced-symmetry (RS) elastica model using geometric parameters obtained from
simulations of relaxed stitches.
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Stockinette
(experiment)
Stockinette
(experiment)
linear fit
Stockinette
(simulation)
Stockinette
(RS model)
Garter
(experiment)
Garter
(simulation)
Garter
(RS model)
Rib
(experiment)
Rib
(simulation)
Rib
(RS model)
Seed
(experiment)
Seed
(simulation)
Seed
(RS model)

0
Cxxxx
(N mm-1 )

0
Cyyyy
(N mm-1 )

0
Cxxyy
(N mm-1 )

αxx

αyy

βxx
(N mm-1 )

βyy
(N mm-1 )

0.378

0.657

0.154

1.579

2.571

0.010

0.128

0.469

1.514

0.265

-

-

-

-

0.407

0.444

0.117

1.337

1.714

0.033

0.129

0.474

0.713

-

-

-

-

-

0.190

0.151

0.037

1.174

1.066

0.060

0.071

0.893

0.156

0.010

0.608

0.500

0.735

0.020

0.227

0.085

-

-

-

-

-

0.018

0.245

0.025

0.548

1.985

0.010

0.059

0.035

0.220

0.017

0.292

1.561

0.058

0.070

0.021

0.150

-

-

-

-

-

0.106

0.085

0.016

1.265

1.001

0.042

0.043

0.185

0.185

0.050

0.819

1.314

0.031

0.070

0.060

0.049

-

-

-

-

-

TABLE S4. List of parameters obtained by fitting the constitutive model to experimental and
simulation data representing fabric made from the cotton yarn. The linear constitutive model fit
to stockinette experimental data is included because it is apparent from the collected data that
experimental measurements do not extend into the nonlinear regime when stretched along the
y-direction. Also included: estimates of stitch rigidity from the reduced-symmetry (RS) elastica
model using geometric parameters obtained from simulations of relaxed stitches.
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Acrylic yarn (3 samples)
Cotton yarn (4 samples)

k (mN mm-2 )

p

1.3 ± 0.4
18 ± 2

2.7 ± 0.3
3.2 ± 0.4

TABLE S5. List of yarn compression model parameters obtained by fitting to UTM data.
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Stockinette
(acrylic)
Garter
(acrylic)
Rib
(acrylic)
Seed
(acrylic)
Stockinette
(cotton)
Garter
(cotton)
Rib
(cotton)
Seed
(cotton)

B (mN mm2 )

k (mN mm-2 )

p

r (mm)

rcore (mm)

L (mm)

10

1.0

2.7

0.60

0.34

11.3

10

1.0

2.7

0.60

0.32

10.6

10

1.0

2.7

1.00

0.45

16.1

10

1.0

2.7

0.90

0.39

15.7

20

20

3.2

0.46

0.36

12.28

20

20

3.2

0.60

0.48

16.05

20

20

3.2

0.72

0.45

17.32

20

20

3.2

0.70

0.46

17.94

TABLE S6. List of yarn material parameters used in simulations. Note that the bending modulus
chosen for the cotton yarn is twice that of the acrylic yarn. We adjusted the yarn radius r and
hard-core radius rcore to obtain better agreement with the stress-vs-strain curves obtained from
experiments. These radii increase for longer lengths of yarn per stitch L, consistent with the
observed relationship between yarn length and yarn diameter reported in Tables S1 and S2.

